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Abstract. In this paper we will study the stability properties of self-similar solu- 
tions of 1-d cubic NLS equations with time-dependent coefficients of the form 

iut + u,, + ^{\u\''-j)^0, AeR. (0.1) 

The study of the stability of these self-similar solutions is related, through the 
Hasimoto transformation, to the stability of some singular vortex dynamics in the 
setting of the Localized Induction Equation (LIE), an equation modeling the self- 
induced motion of vortex filaments in ideal fluids and superfluids. We follow the 
approach used by Banica and Vega that is based on the so-called pseudo-conformal 
transformation, which reduces the problem to the construction of modified wave 
operators for solutions of the equation 

ivt + v^^ + ^^{\v\^ ~ A) =0. 

As a by-product of our results we prove that equation (jO.ip is well-posed in ap- 
propriate function spaces when the initial datum is given by u{0, x) — zqp.v ^ for 
some values oi zq e C\ {0}, and A is adequately chosen. This is in deep contrast 
with the case when the initial datum is the Dirac-delta distribution. 



1. Introduction 

In this paper, we study the stabihty properties of self-similar solutions of the 
form 

P At / X \ 

ujit,x) = ^fi-^], xgM, t>Q (1.1) 
to the cubic nonlinear Schrodinger equations (NLS) in one dimension: 

+ + ^ (^kr-y^ =0, AeR, (1.2) 

that is solutions uj of the form (11.11) with / a solution of the equation 

f" + t^f' + ^{\f\'-A) = 0, AeR. (1.3) 
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Our main motivation for the study of solutions of fll.2p of the form fll.ip comes 
from their connection to the singular vortex dynamics of what we refer to as "self- 
similar" solutions to the so-called Localized Induction Approximation, a geometric 
flow in modeling the dynamics of a vortex filament in ideal fluids and superfluids. 

The Localized Induction Approximation, often abbreviated LIA or LIE, is des- 
cribed by the following system of nonlinear equations: 

= X, X X,,, (1.4) 

where X = X(t, x) represents a curve in with t and x denoting time and arclength, 
respectively. Using the Frenet equations we can also write 

X, = cb (1.5) 

with c and b denoting the curvature and the binormal vector respectively. For this 
reason the geometric PDE (11. 4p is also referred to as binormal flow. 

Equation (ll.4p was first proposed by Da Rios in 1906, and rediscovered indepen- 
dently by Arms-Hamma and Betchov in the early 1960s (see |DaR] . |AH] and [Be]), 
as an approximation model for the self-induced motion of a vortex filament in a 3D- 
incompressible inviscid fluid. The use of the localized induction equation to model 
the dynamical behaviour of a vortex in superfluids such as ^He started with the work 
by Schwarz in 1985 ( |Sch] ) . In both, the classical and the superfluid settings, the 
term localized induction approximation is used to highlight the fact that this approx- 
imation only retains the local effects of the Biot-Savart integral. We refer the reader 
to [B], [S], |AKOj and |MBj for a detailed analysis of the model and its limitations, 
and to the two papers by T. Lipniacki in |Lipl| and |Lip2| for further background 
and references about the use of LIA in the setting of superfluid helium. 

Cubic NLS equations of the type (11. 2p are related to LIA through the so-called 
Hasimoto transformation (see [Has ]). This connection is establised as follows: Let 
X = X(t, x) be a regular solution of LIA with associated curvature c(t, x), and torsion 
T{t,x). Assuming that the curvature is strictly positive at all points x, define the 
filament function 

u(t, a;) = c(t, x)exp J T{t,x')dx'^. (1.6) 

Then u solves the nonlinear Schrodinger equation 

iut + u^^ + -i\u\^ - A{t)) = 0, (1.7) 

where A{t) is a time-dependent function which depends on the values of c{t,x) and 
T{t,x) at a; = 0. Precisely, 

A{t)= (2^^^^—^ + cAit,0). (1.8) 
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Our analytical study of solutions of LIA started in |GRVj . and |GVj . where the exis- 
tence of solutions of LIA which develop a singularity in finite time was establisheclll. 
The study of the stability properties of the singular dynamics leading to the formation 
of a corner singularity in finite time found in |GRVj was carried out by V. Banica and 
L. Vega in the papers [BVT] . [BV2] . and [BV3] . 

Here, we are concerned with the singular dynamics found in |GV] . In particular, 
in |GV] . solutions of LIA of the form 



X{t,x) = e^^°^'ViG{x/Vi), t>0 
with A a real antisymmetric 3x3 matrix of the form 



:i.9) 



/ 



A 



0\ 



a 
\ / 



a e 



:i.io) 



are found to converge to a singular initial data X(0, x). The precise statement of the 
result is the following: 



Proposition 1.1. (See |GVl Proposition 1 and 2]) For any given a G M, and G 
solution of 



G" = -{I + A)G X G' 
associated to an initial data (G(0),G'(0)) satisfying 

|G(0)| = 1 and (X + ^)G(0) ■G'(0) =0, 

define 



:i.i2) 



/ 



Xa(t,x) = e^^°s* v^G(x/v^), t>0, with A 



0\ 



a 
\ / 



. (L13) 



Then, Xa(t,a;) is an analytic solution of LIA for all t > 0, and there exist non-zero 
vectors and G such tha% 



lim X,(t,x) =xe^i°^l^l(A+X[o,+oo)(a:) + A-X(-oo,o](2;)) : = X,(0,x) 

t-s>0+ 



with 



|X„(t,a;) -a;e-^'°sl"lA±| < 2Vt (sup\c{x)\] . 
Here, c{x) is the curvature of the curve G{x) = X(l,x), which is always bounded. 



See also |Bu| . |Lipl| , and |Lip2| . 

''Xe{x) denotes the characteristic function of a Lebesgue measurable set E. 
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Solutions of the form fll.9p have also been considered by T. Lipniacki (see |Lipl] 
and |Lip2] ) in the setting of the flow defined by 

X(t, x) = /3X^. X X^^ + aX^^, a 7^ 

modeling the motion of a quantum vortex in superfluid helium. 

Proposition 11.11 asserts that the evolution of the solution G(x) of fll.lip - fll.12p 
under the relation f ll.lSp leads to a solution of LIA which converges as t — > 0+ to an 
initial curve X(j(0,x) given by 

X,(0,x) = xe-^'°sl^l(A+X[o.+oo)(x) + A-X(-oo,o](x)). 

The initial curve Xa(0,a;) is the sum of two 3d-logarithmic spirals with a common 
origin. The rotation axis of these spirals is the OZ-axis under the condition that the 
matrix A is of the form fll.lOp . In the case when the parameter a ^ 0, the singularity 
of the initial curve Xa(0, x) comes from the non-existence of the limit as a; ^ of its 
tangent vector Ta(0,x). 

The properties of the "self-similar" solutions of LIA given by Proposition II. ll rely. 
through the Hasimoto transformation, on the properties of their associated filament 
function defined by fll.6p . This connection plays a fundamental role in the study of the 
properties of these solutions (see |GV] ). In particular, and following the philosophy in 
|BV2j , a first step to understand the stability properties of these solutions is to study 
the stability of their related filament function in the setting of the cubic Schrodinger 
equations fll.7p . This will be our main interest here. 

In order to find the filament function associated to the "self-similar" solutions of 



LIA given by Proposition II. H first notice that it is straightforward to verify that the 
curvature and torsion associated to solutions of LIA Xa(t, x) of the form fll.l3p are 
of the self-similar form§ 

c{t,x) = —z=c{x/ Vi) and r{t,x) = —^r{x/ Vi), 
yt yt 

so their filament function is given by (see (11.61) ) 

\ f X \ A 
u{t,x) = -j^ul-j^j and A{t) = (1.14) 

with A = A{1) defined by (11. 8p . Since X.a{t,x) is a solution of LIA, through the 
Hasimoto transform, we know that its filament function f ll.l4p solves the NLS 

iut + u^^ + ^{\uf -j) = with A = A{1). (1.15) 
Thus the function u{s) in fll.l4p is a solution of the complex ODE 

u" - 2 + ^«') + 2(1^1' - ^) = 0- (1-16) 



"^This is the reason why we refer to solutions of LIA of the form (|1.9p as "self-similar" solutions. 
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Notice that, by introducing a new variable / defined by 

n(x) = /(x)e^^, (1.17) 

equation f ll.l6p becomes 

r+^|/'+{(i/r-^) = o. (1.18) 

Previous lines show that the filament function associated to a solution of LIA Xa(t, x) 
given by Proposition 11.11 is of the form 



e 4t 

u(t, x) 



with / a solution of the second order ODE f ll.l8p . and solves the nonlinear Schrodinger 
equation f ll.lSp . 

Furthermore, in |GV] it was proved that the constant A in the above equation 
is given in terms of the initial conditions (G(0), G'(0)) and the parameter a by the 
identity 

^ . .^3,0, . KI±«. (1,9, 

and a solution Xa(t, x) and its associated function / are related through the following 
identities (see [GYl pp. 2114]) 

\f\\x) = -aT,{x) + A, and |/f (x) = i|^T x Tp(a;) = ^(1 - T|), (1.20) 

where T = (Ti,T2,T3) is the tangent unitary vector associated to G(x) = X(l,x). 

Among all the possible solutions of LIA Xa(t,x) of the form ( 11.13^ given by 
Proposition II. H and in order to motivate further our main result in this paper, it is 
important to mention two special cases. In what follows, we will define what we refer 
to as odd-solutions and mixed- symmetry solutions of LIA. 

The following cases come from the symmetry properties of the equation 

/ -a \ 



G" = 1(X + ^)G X G', A 
2 



a 
\ / 



:i.2ii 



Odd solutions: For fixed a G M and — 1 < A < 1, let G^^a the solution of fll.2ip with 
the initial condition 



G,,a(0) = (0, 0, 0) and (G,,a)'(0) = (0, v^T^, A). (1.22) 

Then, 

GaA^) = -G„,a(-x) (1.23) 

(notice that if G{x) is a solution of fll.2ip ) with the initial condition f ll.22p . then the 
function Gix) = —G(—x) is also a solution). 
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We refer the solutions of LI A of the form (11.131) with Ga^\{x) the solution of 
ffr^ -f ir^ as odd solutions. 

In Figure 1 and Figure 2, we display the graphics of different solutions Ga,\ of 
f ll.2ip associated to an initial data of the form f ll.22p . The right-handside pictures 
represent the solution near the point x = 0. The curvature of the curves Ga,\ at the 
point X = is zero. 



Figure 2. Odd solutions. The vortex line G^^a corresponding to the 
solution of the system ([L2l])-([L22D with a = 10 and A = -0.1. 

Mixed- symmetry solutions: For fixed a G M and cq > 0, let Ga,co the solution of fll.2ip 
with the initial condition 




Figure 1. Odd solutions. The vortex line Ga,\ corresponding to the 



solution of the system (IL2ID-(IL22]) with a = 10 and A = 0.956. 




Ga,co(0) = ( 




= ,0,0) and (G,,,J'(0) = (0,0,±1). 



(1.24) 



Then, G 



'a,co 



(Gi, 6*2, Gs) satisfies 



' Gi{x) 
< G2ix) 
. Gsix) 



Gi(-x) 
G^i-x) 
-Gs{~x) 



(1.25) 
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This is a consequence of the fact that the equation fll.2ip and the initial condition 
in fll.24p remain unchanged by the transformation G(x) = (G'i(x), 6*2(3^), ^3(0;)) 
{Gi{-x),G2{-x),-G^{-x)). 

We refer the solutions of LIA of the form (11.131) with Ga,co{x) the solution of 
fll.2ip - fll.24p as mixed-symmetry solutions. 

Two examples of solutions of fll.2ip with initial data of the form (11.240 are plotted 
in Figures 3 and Figure 4. As before, the r.h.s figure represents the curve Ga,co near 
the point x = 0. 




Figure 3. Mixed-symmetry solutions. The vortex line Ga^co corres- 
ponding to the solution of the system f ll.2ip -( [LMl) with a = 3 and 
Co = 1.8. 





Figure 4. Mixed-symmetry solutions. The vortex line Ga^co corres- 
ponding to the solution of the system f ll.2ip -( fLMl) with a = 3 and 
Co = 0.4. 



Finally, observe that if G(a;) = {Gi{x), G2{x), G^lx)) is a solution of f ll.2ip . then the 
function G(x) = {Gi{—x), —G2{—x),Gs{—x)) is a solution of 

/ a \ 

G" = i(X + ^)G X G' with A= -a . 

\ / 

As a consequence, in what follows we will assume w.l.o.g that a > 0. 

Using the formulae (11.190 and fll.20p . from the initial conditions f ll.22p it follows 
that the function / associated to an odd solution of LIA is, through the Hasimoto 
transformation (11. 6p and the change of variables (11.170 . a (odd) solution of 



f" + ^^f + ^i\f\'-A) 



0, 



A = aX 
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with initial conditions (/(0),/'(0)) satisfying 



|/(0)p = and |/'(0)|2 = ^(1-A2), a > C0, -1 < A < 1. 



Analogously, from f ll.lQp . f ll.20p . and (11 .24^ it follows that the function / associated 
to a mixed-symmetry solution of LIA is a (even) solution of 

r + ^|/' + {(l/r-^) = 0, A = ±a + cl 

with initial conditions (/(0),/'(0)) satisfying 

\fm' = cl and |/'(0)p = 0. 

From (11.141) . (11.151) . and the above argument it follows that the filament function 
u{t,x) associated to an odd solution of LIA (respectively mixed-symmetry solution) 
is of the form ^ 

Uf{t, x) = (^-^ , X e M, t>0 (1.26) 

f" + ^lf + {{\f\'-A)=0, (1.27) 

with A = aX (resp. A = ±a + Cq), and solves the one dimensional cubic Schrodinger 
equation 

+ + ^ ( |m|2-4 ) =0, (1.28) 



2 V t ^ 

with A = aX (resp. A = ±a + Cq). 

As we have already mentioned, this paper is devoted to the study the stability 
properties of certain self-similar solutions m/ in (I1.26P of the ID cubic Shrodinger 
equation (11.281) . 

In order to give a precise statement of our results, we consider the so-called 
pseudo-conformal transformation of (11.281) . Briefly, given any solution u of (ll.28p . we 
define a new unknown v as follows 

u{t, x) = Tv{t, x) = —^v f -, - j . (1.29) 

Here, and elsewhere, an overbar denotes complex conjugation. Then v has to be a 
solution of 

^^^^ + ^^xx + ^(|^^^-A) = 0. (1.30) 
In particular, solutions of (11.280 correspond to solutions f/ of (ll.30p of the form 

Vf{t,x) = i[^. (1.31) 

Thus, we are reduced to prove the existence of appropriate perturbations (modified 
wave operator) around the solutions v/. 



Notice that if a = 0, then |/(0)| ^ |/'(0)| = 0, so that / = 0. 
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The study of the stabihty properties of solutions of f ll.30p of the form fll.3ip (and, 
consequently, of solutions of f ll.28p of the form f ll.26p ) started in |BVlj . and carried 
on in |BV2] and |B V3] . Precisely, in |B V2] . the authors studied the stability of the 
solution of f ll.30p with A = given by 

Vcoit,x) = Co- 

In |BV2t Theorem 1.2]), under the smallness assumption of the parameter cq > 0, the 
authors prove that for any to > 0, and any given asymptotic state m+ small in flL^ 
(w.r.t to and Cq) the equation f ll.30p has a unique solution v(t, x) in the interval [to, oo) 
which behaves like ^ 

vi{t,x) = Co + e^^^°s* (^e^*^'u+) (x) 

as t goes to infinity, in the sense that 

\\v{t) -vi{t)\\^2 = 0{t--i), as t — yoo. (1.32) 

Here e'*^^ denotes the free propagator (see notation below). In other words, they con- 
struct the so-called (modified) wave operators. In jBV3] this result is extended to first 
remove the smallness assumption on cq and moreover to consider also the asymptotic 
completeness of the scattering operators. One of the fundamental ingredients in this 
paper is the study of the linearized equation of (I1.3UI) around the constant solution 
v^{t,x) = Co {A = cq^) given by 

izt + z,, + ^^{z + z) = 0. (1.33) 

Notice that the coefficients in the above equation only depend on t, and as a conse- 
quence this linearized equation can be analyzed by computing the Fourier transform 
in space. Unfortunately, in our case the linearized equation of fll.30p around solutions 
Vf of the form fll.3ip is given by (see (12. ip below) 

zzt + z,, + ^[(2|t;/|' - A)z + vjz] = 0, (1.34) 

with coefficients that are also space dependenll^. This makes the analysis of the 
hnearized equation fll.34p to be much more delicate. Therefore, we put ourselves 
in the most simple situation. Firstly, and as in |B V2] . we will just consider the 
construction of the wave operators. Secondly, we reduce our analysis to those self- 
similar solutions Vf{t,x) = f{x/y/i) that have the extra property that@ 

1/1+00 = 1/1-00 (that is |/|(+oo) = |/|(-oo)), 

and in particular those that the function / is an odd or even function. Even under 
this assumption the equation f ll.34p is not so easy to handle. In fact, as we will see in 
the statement of the main theorem below, we can not consider the asymptotic state 

^See Proposition 12 T I below for the properties of Vf(t,x) = f{x/Vt). 

^The existence of |/|±oo was established in |GVj . see Proposition 12. II below. 
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n+ to be in fl as in |BV2j and some weighted L^-spaces are necessary. This 
imphes some loss in the rate of decay given in fll.32p . The main difficuhy comes from 
the appearance in the Duhamel term fl2.13p of vj, which depends on both the spatial 
and time variable. This differs from the situation in |BV2j where fj(t,a;) = Cq. 

Before stating our results, we introduce some conventions and function spaces. 
We denote by and the L^-spaces with Lebesgue measure replaced 

by \x\"' dx, and {x^ dx = (1 + \x\'^)"'^'^ dx, respectively, i.e., 

L\\xn = {<l>:R^C : = [^(x)^!^^ rfx^ < oo}, 

and 

L'{{xy) = {<P:R^C : = |0(x) 1^(1 + |x| ^^y^' < oo}. 

For s G N*, the Sobolev space H"^ is defined by 

H' = {f e S(R) : VV G L\R), VO < A; < s}. 
The Fourier transform of f , -0, is defined by 

v{0 = — / e~"'^v{x)dx, 

e**'^^uo denotes the solution to the initial value problem for the free ID Schrodinger 
equation with initial data Uq, defined by 

(^e'^^'wo) (2;) := /"e'"«e-*«Vo(Oc^e, (1-35) 

or, equivalently, 

(e^'^'^uo) (x) := -1= / uo{y)e'^ dy. (1.36) 

For any u+, and / solution of (11. 3p such that |/|+oo = \f\-oo, we define by 

Vf{t,x) = t;/(t,x) +e'ti°g* (^e''^'u+'^ (x), (1.37) 



with 



vj(t,x) = f(^-^^ and a = 2\f\l-A^ 



Our main result is the following 

Theorem 1.2. Let > 0, and < 7 < 1. There exists a (small) positive constant 
Bq, such that for any A and any f solution of 

f" + ^p' + {i\f\'-A) = 



If l/l+oo = l/l-oo (l/'l+oo = l/'l-oo), then we will denote |/|±oo by |/|oo (respectively, |/'|±o 
by l/'U). 
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such that\f\_oo = l/l+oo with ||/||^oo < Bq, and smallin L^nL'^{{x)^) with respect 
to Bq, tQ, and f , the equation 

iVt + v^^ + ^^{\v\''-A) = Q (1.38) 

has a unique solution v{t,x) in the time interval [to, oo) such that 

v-VfeC ([to, oo), L2(R)) n ([to, oo), L°°(M)) . 

Moreover, the solution v satisfies 



h - ^iWl^M.) + 11^ - ^/llL4((t,oo),L-(R)) = (^^J , (1.39) 

as t goes to infinity. 

In addition, if O^Uj^ G fl L'^{{x)"'), with < 7 < 1, then v — Vf E and 

\\v-Vf\\^, = o(^^^, t-^00. (1.40) 

The above result asserts the existence of the modified wave operator in the time 
interval [to, 00) with to > 0, for any given final data u+ in L^nL'^{{x)^) with < 7 < 1, 
and any / solution of (11.31) such that |/|+oo = l/l-oo, under smallness conditions on 
„ and the data u<. 



Remark 1.3. As we said before, the new difficulties in the proof of this result with re- 
spect to those in |BV2] come from the space dependence of the coefficients of linearized 
equation (1^3^. There is a particular case where this equation is as simple as U.33\) . 



This happens when the phase function (f)2{x) = (|/|^ — A) log in Proposition \2.1\ is 
identically zero, that is when \fWoo = ^■ 

It turns out that in this particular case the corresponding curve X(t, x) is asymp- 
totically flat at infinity, that is T3(±oo) = with T-i{x) being the third component 
of the tangent vector to the curve X(t,x) (see 1^1. 20\) ). In this situation, one could 
expect that the stronger results proved in |BV3] could also be extended to this case. 
This will be studied elsewhere. 

Once V has been constructed, we recover u through the pseudo-conformal trans- 
formation (11.291) . Precisely, defining Uf as 

2 

Uf{t,x) = ^/ (^^) + v^e^tio.*^ ^ a = 2\f\l-A, (1.41) 

as a consequence of Theorem 11.21 we obtain the following: 

Theorem 1.4. Let to > 0, and < 7 < 1. There exist a (small) positive constant 
Bq, such that for any A and any f solution of 

r+^|/' +{(i/r-^) = o 
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such that \ f\+ao = l/l-oo with ||/||^oo < -Bq, andu^ small in L^r\L'^{{x)^) with respect 
to Bq, to (iiT'd f , the equation 



iut + u^x + -i\u\ - 



0. 



2^' ' t 

has a unique solution u{t,x) in the interval (0,to] such that 

u-UfEC ((0, to], L\m) n ((0, to], 
Moreover, as t goes to zero, the solution u satisfies, 

11^ ~ '"/IIl2{M) + 11^ ~ '"/llL4({0,t),L°°(R)) ^ 

In particular, as t goes to zero 



:i.42) 



u{t, 



it)! 

e 4t 



e 4t 

u{t,.)-%^f( — 



2 



0{1), and 



Vi \Vi 



:i.43) 



:i.44) 



:i.45) 



but the limit ofu{t, x) ^ / I ) does not exist in L^(M) as t goes to zero unless 



a = 2\f\l-A = 0. 

Finally, if in addition d^u^ G L-*^ fl L'^{{x)^), then 



\u{t, x)\ < 



f 



/ X 

Wt 



:i.46) 



for all X E ^ and < t < 1, and if x ^ there exists t*{x) > such that for 
0<t< t*(x) 



1 



2Vi 



< \u(t, x)\. 



:i.47) 



Remark 1.5. The case when the solution f satisfies the condition 2\f\'^ — A = (that 
is, when a = 0) deserves a special attention. First of all, from { l.jl^ o-nd {l.^^^ , we 
observe that Uf{t, ■), and then u{t, ■), will have a limit as long as such a limit exists 
for 



Uf{t, 



e it 



x] 



Vi \Viy 

We will see in Section\^ that precisely under the same condition 2|/|^ — A = 0, 
Uf{t,-) converges in the distribution sense to zq P-v^. As a consequence, the initial 
value problem (IVP for short) given by (T^J^ ^'^^ 

m(0, x) = Zq p.v- + Vldu^ f-^) 
X V 2/ 

is well-posed in appropriate function spaces. See Theorem \3.B in Section for the 
precise statement. 
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Remark 1.6. Recall that, for the Id-cubic NLS equations associated to solutions of 
LI A of the form U.9\) - I[TT^) . the coefficient A is linked to the initial conditions and 
the parameter a through the identity i\1.19\) . 

From the identity U.19\) and the conservation law for f stated in Proposition \2.1l 
we conclude that the smallness assumption for WfWi^oo can be achieved by considering 
initial data (G(0), G'(0), a) sufficiently small. 

Notice that the solutions u given by Theorem 11.41 do not have a trace at t = 
(see comment after fll.45p ). Nevertheless, associated to these solutions we are able to 
construct a family of curves X(t, x) solutions of LIA which do have a limit at t = 0. 
The precise statement of the result is the following: 

Corollary 1.7. Let < 7 < 1 and u+, dxU+ E n L'^({x)'^). Then, under the 
smallness assumptions of Theorem \1.4\ for < t < to there exists a unique solution 
X(t, x) of LIA such that the filament function ofX.{t,x) is the function u{t , x) given 
by Theoremim X(to,0) = (0,0,0) andXx{io,0) = (1,0,0). 



Moreover, 

i) the curvature of the curve X(t, x), c{t,x), satisfies 

|c(t,x)|<-^ 

for all X eM. and < t < 1, and if x ^ 0, there exists t*{x) > such that for 
alio <t < t*{x) 

-^<|c(t,x)|. 

a) In addition, there exists a unique Xo(a;) such that 

\X{t,x) -Xo{x)\ < CsVt, 

uniformly on the interval (—00,00), with Xo(x) a Lipschitz continuous func- 
tion. 

Here, Ci,C2, and C3 are non-negative constants. 

The proofs of all these results are given in Section 2. In Section 3 we state and 
prove Theorem 13.21 about the well-posedness of the IVP given by (11.21) and u{0,x) = 
zop.v ^ for some values of zq E C \ {0}. The question of well-posedness of the Id 
cubic NLS for spaces that include was started in |VVj . and then extended in 
|Gru] to all the range of subcritical scales. In fact it was proved in |KPV ] that when 
the initial datum is given by Dirac-delta function, the IVP is ill-posed due to the 
appearance of a logarithmic correction in the phase. This phase can be canceled out 
by modifying the equation with an extra factor A{t) = co/t for some constant cq as 
in equation (11. 2p . As we said before this modification naturally appears when the 
Id cubic NLS is obtained from LIA through the Hasimoto transformation. However, 
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even with this modification it was proved in |BV2j and |BV3j that the problem is still 
ill-posed for the Dirac-delta. The reason is the same that the one pointed out in the 
statement of Theorem 11.41 In [KPV] the ill-posedness was obtained as a consequence 
of the invariance of NLS by galilean transformations. The same ideas imply that, 
if the notion of well-posedness includes the uniform continuity of the map datum- 
solution, then the class of Sobolev spaces of negative index has to be excluded, see 
also |KPV] . However the existence of a priori upper bounds for the Sobolev norm of 
the solution, in terms of the Sobolev norm of the datum, for arbitrarily large data, 
and for sufficiently short time can be proved, see |CCT] and |KT] . 



2. Modified wave operators in mixed norm spaces. 

In order to find the "appropriate" modified wave operators for v — Vf in the setting 
of the equation fll.30p . we follow the arguments given in jBV2] . Briefiy, write 

V = Vf + w, 

with V and Vf solutions of the Schrodinger equation 



ivt + v^^ + — [\v\ 



A) = 0. 



Then, w has to be a solution of 



iwt + + — — A)w + {vfW + VfW + \w\'^){vf + w)] = 0, 



or. 



iwt + Wxx + ^ [(2|'y/P — A)w + vjw + 2vf\w\^ + Vfw"^ + = 0. 



(2.1) 



The linear term (2|f — A)w/2t (in the above equation) is resonant and, as we will 
continue to show, it is the responsible for a logarithmic correction of the phase. 

In order to deal with the resonant structure of this term, here and in what follows, 
we assume that / is such that |/|+oo = |/|-oo, and we write the above equation 
equivalent ly as 

iwt + + ^ [(2|/|L - A)w + 2{\vf\^ - \f\l)w + vjw+ 



2vf\w\'^ + Vfw'^ + \w\'^w~\ = 0. 



Observe that \ f\±oo is nothing but the limit of |f/(t,x)p as x — t- ±oo, i.e. 



I/I 



lim 



lim \vf(t,x)\" 

x— >itoo 



Then, if we define a new function u as 



u{t,x) =w{t,x)e-'^^°^\ t>0, with a = 2|/|^ - A, 
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the function u has to be a solution of 



^ [2t;^e-*ti°g*|n|2 + t;^e^ti°sV + \u\\] = 0. 



Although the first linear term in (12.61) . that is 



is still resonant, the structure of |f/(t,x)p — |/|^ allows us to treat this term as a 
perturbative term in the Duhamel formula for the solution and, to consider as initial 
guess 

u{t,x) » ^e**'^^'U+j (x), as t — )• +oo. 

Summing up, for any given asymptotic state m+, we consider the following guess for 
the perturbation 

e^^^°^*(e^*"^u+)(x), a = 2\f\l-A, 

and define 5/ to be 

Vf{t,x)=Vfit,x) + e''l^°>''(^e''^'u+^{x), with a = 2|/|^-A 

2.1. Preliminaries. Using the notation introduced previously, given u+ and / solu- 
tion of (11.31) such that |/|+oo = |/|-oo, we define 

Vf{t,x) = +e^t'°st (^e^ta^y^j (3.)^ (2.2) 

Vf{t,x) = f(^-^y and a = 2\f\l-A (2.3) 

(recall that if |/|+oo = l/l-oo, then we write |/|oo for |/|±oo)- 
In order to prove the existence of a solution v of 

ivt + V,, + ^^{\v\^ - A) = 0, (2.4) 

"close" to Vf, as t goes to 00, following the steps in the previous lines, we write 

V = vf + e''^^°>^'u, (2.5) 

so that the function u has to be a solution of is 

^ut + u,. + \i\vf\' - + ^e-^"'°^ W 

)- [2t;ye-'ti°g*|Mp + t;^e'ti°g V + \u\^u\ = 0. (2.6) 



where 
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Now, notice that under the change of variables fl2.5p and the definition of Vf in 
we have that 

v-df = {vf + e'^i'^^'u) - {vf + e'^'''^\e''^'u+)) 

Therefore, we are reduced to prove the existence of a solution of fl2.6p "close" to 
e**'^^u_|_. To this end, it is convenient to perform a further change of variables. Pre- 
cisely, we write 

u{t, x) = z{t, x) + z+{t, x), with z+{t, x) = e**^'M+. (2.7) 
Under the change of variable given by (12. 7p . equation (12.60 becomes 

zzt + ^xx = ^ {Fo{z+) - F^{z) - NLT{z + z+)} (2.8) 
where Fq, -Fi and NLT are defined by 

F,{z^) = 2i\vf\' - \f\l)z^ + t;Je— (2.9) 

F,{z) = 2{\vf\'-\f\l)z + vje-^-'^^% (2.10) 

and 

NLT{u) = 2vfe-''^^°^'\u\^ + Vfe'^^^^'^'u^ + \u\\. (2.11) 
Hence, it suffices to prove the existence of a fixed point of the operator 



■ poo ■ poo 

Bz{t) = ^ e*(*-^)^'Fo(2+)dr- - / e'(*-")^'Fi( 



r 



_ 1 jr"e*{t-)9^iVLT(^ + z+)^ (2.12) 

in an appropriate space. 

The Duhamel terms which determine the behaviour of the operator B are the 
ones related to Fq{z^), the source term. Notice that in our case we are left to estimate 
two linear source terms (see ( 12. 9p ). Namely, we need to estimate in an appropriate 
space 

re^(-^)^^((|.,r-|/|L)..)- 
Jt I 



and 



OO 7 

*(*-^)^'(t;2e— i°g%)— , with z+ = e''^"u+. (2.13) 

r 



The structure of \vf{t,x) \ — |/|^ allows us to treat the first term as an "error" term. 
The second linear term has the extra difficulty of being dependent of the spatial vari- 
able X through the function Vf{t,x) = f{x/\/t). In order to estimate the linear term 
involving v'j, we will use some known properties of the function Vf (more precisely. 
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in our arguments we will make use of the asymptotic behaviour as x — oo of Vf). 
Recall that the function f/ is defined by 



where / is any given solution of the equation 

f" + ^^f' + ^i\f\'-A) = 0, AeR. (2.14) 

Equation fl2.14p was previously considered in |GVj . The following result summarizes 
some of the properties of the solutions / of fl2.14p obtained in the latter paper. 

Proposition 2.1. Let f be a solution of the equation l[2.14^ . Then 

i) f{x), and f'{x) are bounded globally defined functions. Moreover, there exists 
E{0) > such that the identity 

\ff + \i\f\'-Ar = E{0) 

holds true for a// x G M. 
a) The limits lim^^±oo \f\'^{x) = |/|±oo (^i^d lim^^^ioo \f'\'^{x) = \f'\±oo do exist 
and 

\f{x)\'-\f\l^ = o(^-^^, as x^±oo. 
Hi) If l/l+oo ^0 or \ f\-oo 7^ 0, then 

pid± / 1 \ 

fix) = |/|±oo e^^± e*^^(^) + 2z \f'\±^ e'^'^^^^ + O — , 

X \\x\ J 

as X ±oo. 

Here, |/|±ooj |/'|±oo > 0, and c± and d± are arbitrary constants in [0,27r), 
02(x) = {\f\l^ - A) log and U^) = -{x^/A) - (2|/||^ - A) log 

We continue to recall the one-dimensional dispersive and Strichartz estimates 
which will used throughout this section (see |Caz] ) . In what follows, we call a pair 
(p, q) of exponents admissible if 

2 1 1 

P > 2, q < oo, and — I — = -. 

p q 2 



i) Id-Strichartz estimates. Let J be a time interval, then 

\lpi(R;L1i) 



*^'/||l.i(M;L.i)<C||/|U2(k) (2.15) 



and 

<C\\F\\,,,f,,,,,y (2.16) 



J sGl:s<t 



for any admissible exponents {pi,qi), i G {1,2}. 
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a) Dispersion estimate. 

||e^*^VlU.«,<CrV2||/||^,,^, (2.17) 



in) L"^ -Conservation law. 

l|e^*'VllL^(M) = II/IIl^w (2.18) 
The constant C in the above inequahties depend on the exponents involved in the 
estimates. 

The lemmas below will be also used in the construction of the modified wave 
operators. It is immediate to prove the following: 

Lemma 2.2. Let < /3 < A, f e L^Uxlf^), and t > 0. Then 

ll/(-)(e-^'^-l)IL.<^ll/ILw)' 
for some positive constant C independent of f and t. 

Lemma 2.3. Given 5 7^ 0, and t > 0, define 



for 7^ 0. Then, there exists a constant C > such that 

C 

iTti 



A(OI<^^, Ve^O. (2.19) 



Proof. For fixed ^ 7^ , and t > such that ^ t > 1, write 



and for ^ and t such that ^t < 1, write 



f2 



1/?' roo\ > 

' ' 2iT^^ -iSlogr ^ 



t2 



^ (c~^'^^°g^)c^^^^' (ir I ^ n ^ ^-2ir$^ dr 

Inequality f l2.19p now follows by integrating by parts in the above identities. □ 
Lemma 2.4 (Pitt's inequality. See [Pitt] ). For f e S{R'^), and < (3 < d, 

[ \0-^\fm'd^<C^ [ \xf\fix)\'dx, 



6 .L dr^ ' He .Uic2 dr^ ' 



where 



^ d - a\ / + ^ 



4 / / V 4 



We will continue to prove Theorem 11.21 
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2.2. Proof of Theorem [Q Let < 7 < 1, and n+ G n L'^{{x)^). 

For to > 1 and i/ G M. We denote Y^^ the space of functions f (t, x) such that the 



norm 



my. 



^— sup ( ^^^"11^(^)11^2 + t'^||2;||i4((t^oo)^ioo(]8)) ] 

° te[to,oo) ^ ' 



is finite. In order to prove Theorem 11.21 as we have aheady mentioned, we shall do a 
fixed point for the operator B defined in fl2.12p in the closed ball 

Br = {z : ||z|L. < i?}, > 

with > and > to be chosen later on. 



For any given z such thatjj ||z||y < -R, we want to estimate (see (12. 9p . fl2.1Up . 
fl2ni|) and [212])) 

{Bz){t) = ^ re^(*--)^^{2(|.,p-|/|L).^ + .Je-'-%}^ 



00 



eiit-r)d'.NLT{z + z+) — (2.20) 
2 .// r 



in y. Here, the non-linear term is given by (see (12. lip ) 

iVLT(M) = 2t;/e-*ti°g*|M|2 + t;^e^t'°sV+ (2.21) 
Recall that (see and ( HI} ) 

vj{t,x) = f(^-^y z+(t,x) = e^*^V, a = 2\f\'-A, (2.22) 

and u+ is a given function in fl L'^{{x)"'), with < 7 < 1. 

In what follows the constant C may be different from an inequality to another in 
a chain of inequalities. 

We begin by estimating the F-norm of the source term in (12.201) . To this end, observe 
that Strichartz estimates (I2.16P with exponents (4, 00) and (00, 2), and the dispersion 



'In order to simplify notation, in what follows we will write simply Y to denote the space 
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estimate fl2.17p lead to 



t>to Jt ^ 



I lll„, |2 



dr 



IL°° 



<Csupr / |||t;;|^-|/|^||^.||z+„^ 

t>to Jt 

<C||n+||,,|||/(.)p-|/lLllL^supr / — ^ 

t>to Jt r^4 



c\\uALA\\f{-)\-\fUy-z 



to*' 



(2.23) 



for all u such that u < 1/4. 



In order to control the second source term in fl2.20p . we use the fact that / is a 
solution of fl2.14p satisfying |/|+oo = |/|-oo (and as a consequence |/'|+oo = |/'|-oo, 
see part in Proposition 12. ip . Then, from the asymptotics of / in Proposition 12. ![ 
it follows that 



ifYix) = \f\Le 



2 -2ic±-2ii\f\l,-A)log\x\ 



X 



x\ 



2 ; ' 



as X — )■ ±cxo, so that 



(2.24) 



(2.25) 



for |x| ^ where we denote by vj^^{t,x) the function defined for positive time by 

(2.26) 

with c± e [0, 27r), and 5=\f\l^-A. 

Next notice that, from the representation of the solution of the free Schrodinger 
equation, e~*'^^^Mo, as a convolution, it is easy to see that 



e '^^^Uq I [X) 



uo{y)e ' ir dy 



+ —=e Mo(-)(e 



X 



1)1 (-27/- 



(2.27) 



with Cl = vvri. 
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Define the auxiliary function uj^ by 



(2.28) 



Tlien, from fl2:22|) . fl2:28D . (12:251) and fl2:27D . it is straightforward to see that the 
second linear term in (12.201) can be rewritten as 



dr 



OO J 



T 



dr 

T 



OO J 



+ / ^ 

OO 



l^/,ooe 



r 



dr 

T 



i{t-T)dl 



i(t-r)dl 



^ (- I \l -i^ 



1) 



X 

'27 



e *4t 



a; J 



r 



27 



r 



r 



(2.29) 



To control the first term on the r.h.s. in (I2.29p . we first observe that 



I^Kr,-) 



where 



and ||(/)^(-) — (/)^(-)IIl2 < OO (recall that / is a bounded function and the asymp- 
totics of (/)^(x) given in (12.241) ). Then, arguing similarly to the control of the first 
linear term (see (I2.23P ). we obtain that 



1 



Y 



<c\MAUY{-)-U)L{-)\y^^. 

to* 



(2.30) 



for z/ < 1/4. 
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The second term in the r.h.s. in f l2.29p is an error term. Strichartz estimates with 
exponents (4, oo) and (oo,2), f l2.26p . Plancherel's identity, and lemma fI72\ lead to 



r) — —(uj+{-){e~'~ 



< C supt 

t>to Jt 



C^I/lLsupr 

t>t(i 

C^I/lLsupr 

t>to 



2 / 

^/,oo(a;,i-) 



r 



a;+(-)(e" 



1))' 



X 

27 



dr 

T 

1)1 (-^ 



L2 



T 



^'1 (-27 



X 



L2 



(ir 

3" 

7-2 



< C\\f Wloo 1^+11^2(1^1^) 



0;+ (e * 4^ - 1) 
1 



L2 



r 



(2.31) 



for < 7 < 4 and z/ < 7/4, (recall that w+ = e'°'^°^'^u+, see (12:281) 1 

In order to control the third term on the r.h.s. in f l2.29p . recall the definition of 
vl^{t,x) inmB, 



Vt 



or, equivalently, 

,2 (j. ^\ 1/12 „-2i(51oK2j-i(5„-2j51og 



-2ic4 



X[o,oo)(a;) + e *''-X{-oo,o)(a;) 



t > 0. 



Then, using once again the expression for the free Shrodinger solution in f l2.27p . the 
latter term rewrites 



Cl 



2tJ / T 



\f\ioe 
IfLe 



2 -2iSloK2 



2 p-2i(51og2 
00 



e 4t 



ci- 



-2i<51og 



2t\ui 



T 



X 

27 



e 4t ^ 

Cl — —iTsu+) - — 



T 



dr 



X \ \ dr 
2t) I 71+^ 



2tJ / T^+^^ 



12 „-2i51oK2 



\fLe 



00 7 



r 



e-^^((T,a;+)(-)(e-^-l)) ( -- 



X 



dr 



(2.32) 
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Here T5 is the operator defined (in the Fourier transform side) by 

T^(^) = e^'^'°^\^\m{Ou{0- (2.33) 

I2 is an ^^error'^ term. The same argument as the one given in obtaining fl2.3ip (that 
is using Strichartz estimates with exponents (4, 00) and (00, 2), Plancherel's identity, 
and Lemma I2.2p leads to the following chain of inequalities 

X \ „ dr 



r°° (.,2 _ / 

IhWy < q/lLsupr/ ||(r,a;+(-)(e-^-l)) (- .„ 
t>to Jt \ 2rJ 

< C\f\lsnpr ||(r,a;+)(e-^-l)||^A 
t>t() Jt 



1"^ dr 
< CI/lLsupr/ ||T,c.+ ||^.(|,|,)^, (2.34) 
t>to Jt 

for any < 7 < 4. 

Now, since Ts = Ti o T2, where Ti and T2 are defined by 

T^f(0=e''''°sl"l/(0 and 

T2/(0 = m(0/(0 = (^(1 + sgn(O) + ^(1 - sgn(O) j /(O 

with Ti and T2 Calderon-Zygmund operators (see |Duol pp. 97-98] and notice that T2 
is just a linear combination of the identity operator and the Hilbert transform), and 
\x\"' is an y42- weight in the one-dimensional case, in particular, for any < 7 < 1, 
from the known L^-weighted inequalities for Calderon-Zygmund operators (see [Duot 
pp. 144], or [Steini pp. 204-205]), we have that 

L2(|x|^) - ^II'"IIl2(|x|^)' (2.35) 

for any < 7 < 1. 

From the inequalities (12.341) and (12.351) . we conclude that 

C 

W\y < ^II/IIl-II^IIl2(|x|7), (2.36) 
^0 

for any < 7 < 1, and v < 7/4. 

Only Ji remains to be estimated. First, recall (ll.35p . and the definition of Ts in 
fl2.33p . Then, Ii in (12.321) rewrites equivalently as 



00 



dr 



|^|2^^-2.5iog2 I e»«e-**«'e-2^^i°sl«lm(-0^(0A(0c^e, (2.37) 
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where 



MO 



2 dr 



On the one hand, from Plancherel's identity and Lemmma 12.3^ it is easy to see that 



p/4 \J 



for any < 7 < 1. Here, we have used Pitt's inequahty (see Lemma [23]) to obtain 
the last inequahty. Thus, 

C 

supt1|/i||i2 < ^z^||/|lioo||w+||i2(u|^), (2.38) 
for any < 7 < 1 and v < '~f/4:. 

In order to estimate the L^((t, cxd), L°°(R))-norm of Ji, consider 6 a cut-off function 
with 6{x) = if |x| < 1/2, and d{x) = 1, if |x| > 1. We decompose Ji in (12.371) as 
follows 

h = \fLe~'^''°'' {^j (1 - e){te) + j eae)) 

(^e-«e-*«'e-2^^^°^l«lm(-e)^(0 A,{i)) d^, 
= /i,i + /i,2. (2.39) 



Using Lemma [2. 3 [ and Cauchy-Schwarz inequality, we find that 



\f\L f 



|/i,2| < 2|/|^ / \uJ40\\A{0\d^<C^ \uJ40\, 

t Jte>i/2 lei^ e 

1/2 



?2 



and 
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for any < 7 < 3. Plugging the above inequalities into f l2.39p and using Pitt's 
inequality (see Lemma [2.4p give 



|Ji| < c'^ '~ 



1 4^4 



1/2 

14^4 



for < 7 < 1. Therefore, 



SUpt''||/i||^4((t 2,00) 
t>to 

for < 7 < 1, z/ < 7/4. 

From fl^:^ and I K^ . we get that 



< 

^0 



IL2(|x|7), 



(2.40) 



Ally < C II^+IIl2(|^|7), 



^0 



(2.41) 



for < 7 < 1, and 1/ < 7/4. Thus, from ( l232ll . (lOHll . and (EUD, we conclude the 
following control for the last term on the r.h.s. in (12. 29^ 



e 4t 



X 
'27 



dr 

T 



< 



c 



Y 



''0 



Mi 



(2.42) 



for any z/ < |, and < 7 < 1. Recall that 00+ = e*"'°s*M+ (see (E^HD). 



Finally, the identity ( K29^ . and the inequalities fl2:30|) . (123T]) and ([232D give the 
following control of the second source term in fl2.20p 

C 



00 7 
J 



< 

''O 

C 



MLA\U)\-)-{f)io{-)\\ 



L2 



''0 



lL2(|x|7), 



(2.43) 



for any < 7 < 1, and v < 7/4. 

We continue to analize the non-source terms in fl2.20p . To this end, notice that 
for any z & Y the following inequalities hold true 



\z\\r2 < ^ 



and 



Also, recall that Z-^-{t,x) = e**^^u+ (see (12.220 ). so that from the well-known inequal- 
ities for the solution of the free Schrodinger equation in f l2.17p and (12.180 . we have 
that 

'|m I " 



< 



\Y 



Vt > to- 



(2.44) 



\L°° 



<C^i^ and ll^+l 



L2 



lL2 



lL2- 



(2.45) 



First, using (I2.16P with exponents (4, 00) and (00, 2), (I2.44p and the fact that f/(t, x) 
is a bounded function (notice that Vf{t,x) = f{x/\/t), and / is bounded by Proposi- 
tion [2]T]), we obtain the following control for the second integral term on the r.h.s in 
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OO J 



< 



C supr 

t>to Jt 



Y 

dr 



C 



C 



sup f 

t>to Jt 

\\z\\y sup t'' 



dr 



dr 



-l+u 



C 



(2.46) 



t>to Jt T 

for any u > 0. 

Only the Duhamel term in fl2.20p related to the non-linear terms NLT{z + z^), 
where 



NLT{z + z+) = 2vfe-'^'°s^\z + z+\' + Vfe'^'°^\z + z+Y + \z + z+\\z + z+). 

(see fl2.2ip ) remains to be estimated. 

To control the terms associated to quadratic powers of 2; + we use as before 
the inequalities fl2.16p with exponents (4, cxd) and (00, 2), the fact that Hf/H^^oo = 
1^00 < 00, and estimates (12.44^ and f l2.45p to obtain that 

dr 



{2vfe-'2'°^^\z + z+Y + Vfe'^{z + z+y} 



T 



Y 



t>to Jt 



<Csnpr / \\2vfe-'^'°^^\z + z+Y + vje'^iz + z^ 



dr 



Il2 



r 



< C 

< c 



^00 sup t" 

t>to Jt 



dr 



T 



LoonzWy [ supT / (ll-zll^oo + 

t>to Jt 



\u+\\ri. dr 



T T 



l+v 



+ 



sup t" 



dr 



< CiLni^^ii^iiy , — 

^0 



t>to Jt T' 

A\y _^ 



r3/2 



1 



c 



(2-47) 



^0 



for all < z/ < 1/2. Here, we have also used Holder's inequality in the r- variable to 
obtain the last inequality. 

Next, notice that a straightforward computation gives 

\z + z+\^{z + z+) = \z\^z + \z'^z+ + z'^z+ + \z'\^z+ + zz\ + z\z+'\^ + 2;+|2;+|^. 

Then, similar arguments to the ones given to control the quadratic terms in 2; + 
z+ (that is, using fl2.16p . pulling out of the L^-norm H^zH^^oo or and using 
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the estimates f l2.44p and f l2.45p ) give the following control of F-norm of the term 
associated to the cubic term \z + Zj^\^{z + 2+) 



dr 

i\z + z+Wz + z+)) — 

T 



< C supt 

t>to Jt 

< C supt 

t>to Jt 



\z + Z+\ [Z + 



dr 



lL2 



r 



I^IIl°° II^IIl2 



z\\t2 + 



2 II 2-1- || ^00 II ^ II ^2 ~l~ II 2-1- II r 00 II 2^4 



lLo° I 



X dr 



T 



t>to Jt \ ' 



C\\u+\\li\\u+\\^2 sup t" 

t>to 



3\\u 



iLi 



+ IIL1 -l+u 



f Wr + 



dr 



y-2 



^3 ^ ^ 2 1 



t* 

''0 



'^ik+iiiiik+iiL2Ti^ 



(2.48) 



for all < z/ < 1. 

Therefore, in view of the identity (I2.20p . and the inequalities f l2.23p . (12.43^ and 
(^Ml-UMl, we have that 

\\Bz\\y < %^(|||/(-)P-I/ILIIl2 + II(/T(-)-(/)L(-)IIlO 



''0 



+ 



c(m+) 



''0 



2 c(m+) 
''0 



c(m+) 



''0 ''0 



ly 



+ 



c(m+) 



^0 



+1^ 



z\\v + 



c(m+) 



(2.49) 



for any < u < 7/4. Here c(u-i-) denotes a positive constant which depends on the 
norm of in fl L'^{{x)^). 

For any fixed to > 0, and < 7 < 1, by choosing v = 7/4, from (12.491) . we 
conclude that there exists a (small) positive consatnt Bq, and a constant R > small 
with respect to Bq and to, such that for all / solution of 

r+^^/'+{(i/p-^) = o 



7^ 
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satisfying |/|+oo = l/l-oo and such that ||/||2,oo < Bq, and all u+ small in L^nL'^{{x) 
w.r.t. to, Bo, - - and i?, the operator B maps 

into Br. On the other hand, by bearing in mind that 

\\z + -z+ll^oo < \\z\\^oo + (g ^^^+ll^^ ^ for all ^ G Y", 

similar arguments to the ones given in obtaining the estimates fl2.46p - fl2.48p shows that 
the operator B defined by (12.201) is a contraction on {Br, \\ ■ As a consequence, 
the application of the contraction mapping principle yields the existence of a unique 
solution z of the equation fl2.8p such that 

z e C{[to, oo), L\R)) n L\[to, oo), 

satisfying 

1 



as t — )■ oo, for < 7 < 1. 

Performing the change of variables (12.70 and (12.50 . that is the changes defined by 



vit, x) = Vfit, x) + e^? with Vf{t, x) = f J , a = 2\ft-A, 

and 

u(t,x) = z{t,x) + z+{t,x), with z^(t,x) = e^ 
gives the existence of a unique solution of f ll.SSp such that 

v-Vfe C{[to, oo), L°°(M)) n L\[to, oo), L°°(M)), 

and satisfying (11.391) . To this end, since vj is defined by (12. 2p . suffices to notice that 

v-vj = {vf + e-'ti°g*n) - {vf + e^t i°g*(e^*9'u+)(a;)) 



so that 



Finally, we have to prove that under if the asymptotic state m+ satisfies that both 
and dxU+ are in fl LF'{{x)"'), then the solution f is such that v — vj & and 
ffTKI]) holds. 

Recall that solutions of (12. 4p are in correspondence with solutions z of (12.80 
through the changes of variables (12.51) and (12.71) (see subsection 12. ip . Define the 
auxiliary functions y = d^u and y+ = d^Zj^, where as before z+ = e**^^M+. Then, if z 
is a solution of (12. 8p . we have that y has to be a solution of 

lyt + y.. = ^^{Fo{y+)-FM + '^dx{\vf?){z+-z)+d,{v)){J^)e-'^'^^' 
-d^NLTiz + Z+)). 
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Now, notice that from the fact that Vf{t,x) = f{x/\/t), the properties of / and /' 
given in Proposition I2.H and those of z aheady proved, we conclude that the term 

is an integrable in time forcing term. As a consequence we can follow the same 
argument as the one used to solve the equation for z, and concude that fll.40p holds. 
This finishes the proof. 

2.3. Proof of Theorem 11.41 Let to > and < 7 < 1. Define to = and denote 

CO 

by V the associated solution of the equation fll.38p verifying 

+ ll^-^/llL4((t,oo),L-(R)) = ^ ' as t^oo, (2.50) 

given by Theorem 11.21 

Define u to be the pseudo-conformal transformation of the solution v, i.e. 

u = T{v). 

Then, u satisfies equation f ll.42p . Next, notice that (recall the definition oiuj and T 
in ffLiTj) and ffr29|) . respectively) 



2 



so that 

r(„-(., + (2.)e.t.--£=a,(£) 



U — Ui 



where 



{v - Vf) + e't'°si U'^lu^ [x) - {2ti)-^^u+ { - 



X 

y« V2t 



recall the definition oi Vf in fll.37p . 

Due to the invariance of L^(R) and ((0, t), L°°(R)) under the pseudo-conformal 
transformation T, and the decay estimates fl2.50p . in order to prove fll.43p it suffices 
to study the behaviour of 



in L2(]R) and L"^ ((t, cx)), L°°(R)), as t goes to infinity. 
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On the one hand, using the expression of e**^^M+ as a convolution (see fll.36p ) 
and Plancherel's indentity, we have 



e**^'M+) (x) - (27r) 



X \ 



L2 



C||(«+(-)(e^'^-l))l,.=C||t.+ (-)(e- 



2 Q 

^ - l)|li2 < \W+\\L^{\x\iy 



Here, we have used Lemma 12.21 in obtaining the last inequality. 
On the other hand, from the decay estimate (12.171) 



+ llL4((t,oo),L° 



^^11 II 



from which it follows that 



e-^^n^) (x)-(2vr)4^^^ 



L4((j,oo),L° 



c 



c 



T iF+llLi 



From the above inequalities, we get 



1 ii'"+IIl° 



1 



< 



O ( — ) , as t — > oo. 



X \ 

U4^[ — ] 



+ 



L2( 



e'*^'M+) (x) - (27r) 



V2ty 



L4((t,oo),L° 



as t — )■ oo. 



for any < 7 < 1, and G fl L^((x)'^). 

Now, (I1.44P is an immediate consequence of the triangle inequality, (I1.43P and 
Plancherel's identity. Also, inequality (I1.45P follows from (I1.43P and (ll.44p . by using 
the general inequality 



\\f?-\9?\\L^<{\\f\\L^ + \\9\\L^)\\f-9\ 



for any functions / and g m L^. 

Finally, assume by contradiction that there exists g{-,t) G L^(]R) defined in a 
time interval (0, Tq > 0] such that 



u(t, x) 



e 4t 



X 



f[ — \-g{t,x) 



as t 0. 



(2.51) 



L2 



STABILITY OF SELF-SIMILAR SOLUTIONS OF ID CUBIC SCHRODINGER EQUATIONS 31 

Then, using the definition of ttj in fll.4ip and the triangular inequahty, we obtain 
that 



L2 



g{t,x 

Q^~At / X \ 

{Uf — u) (t, x) + \ u{t, x) 



X] 



L2 



/ 



X 



g{t,x) 



L2 



< \\Uf — u\ 



L2 



u{t, x) 



e « 



Vi \Vi 



X 



f[ — ]-g{t,x) 



L2 



Thus, from fll.43p and f l2.5ip and the above identity we conclude that 

5f(t, x) = A/7rie'^'°^*ir+ I -- I a.e x, 



which does not have limit in as t 0, unless a = 2|/|^ - A = 0. 

It remains to prove f ll.46p and f ll.47p . Using fll.40p and the inequality \g\'^ < 
1 1 1 1 ^2 1 1 (? 1 1 ^2 in one dimension, we get that 



t — 7- OO, 



(0 < 7 < 1). 



(2.52) 



From the definition of u in terms of v, given by the pseudo-conformal transformation 
fOOj) . we write 



u{t, x) 



Tv{t, x) 



e 4t 



e* 4t _ / 1 X 



1 X 



Vi V^'^^t't 



1 X 



where (see (Q or (OZD) 



Vf{t, 



x] 



/ ) + e^^'°^* (e^*^^«+) {x), a = 2\f\l-A. 



Then fll.46p - fll.47p follow from the above identities, fl2.52p . and the decay estimate 
for e**^^ given in fl2.17p . This finishes the proof of Theorem 11.41 



2.4. Proof of Corollary 11.71 Theorem 1 1 . 41 gives the existence of a filament function 
u{t,x) which is regular and bounded for < t < to. From the filament function u 
given by Theorem II. 4[ one can construct a corresponding curve X solution of LIE. 

First, notice that at least in the case of odd solutions the curve Xj(t,x) has a 
point of curvature (the curvature of an odd solution vanishes at least at the point 
a; = 0), and as a consequence here we need to consider a different parallel frame 
(other that the Serret-Frenet frame) to avoid the restriction that the curvature of the 
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curvature should not vanish. Precisely, one can consider the parallel frame of vectors 
{T, ei, 62} given by the system of equations 

Tx = aei + /3e2 

ei, = -aT (2.53) 
^ 62, = -/3T, 

where the quantities a and (3 are defined through the function u by 

u = a + i(3, 

to construct the tangent vector T solution of Tt = Tx T^^^;. Then, using the regularity 
of u, and after integration with the initial conditions 

X(to, 0) = (0, 0, 0) and X,(to, 0) = (1, 0, 0), 

we get a curve X(t, x) solution of LIe|§ The details can be found for example in |BV3] 
and jBVi] . see also |NSVZj . 

Once X(t,x) has been constructed for < t < to) P^^rt i) is an immediate 
consequence of (ll.46l) - fll.47l) . the boundedness property of /, and the fact that u is the 
filament function associated to X(t,x) (thus \u{t,x)\ = \c{t,x)\, with c the curvature 
of X). 

The existence of Xo(a;), the trace of X(t, x) at time t = 0, follows from the 
integrability of X^ at t = thanks to the uniform bound of the curvature in part i). 
Indeed, since X{t,x) is a solution of LIA, from the system of equations 02.531) . and 
the fact that the vectors ei and 62 are unitary, it follows that 



\Mt,x)\ 



IX. X X 



IT X T, 



|T X (aei + /3e2) 



\ae2 — /9ei| = \/a^~+^ = \u{t, x)\ = \c{t, x)\ < — ^, 

■s/t 



uniformly on the interval x G (—00, 00), since u = a + ip. 

Therefore, for any fixed positive times ti, and ^2 with ti < ^2, we have that 



|X(ti,x) -X(t2,a;)| 



t2 



Xt{t',x)dt' 
*2 dt' 

. 7F' 



< 



i2 



\Xt{t',x)\dt' 



^ Conversely, using the parallel frame defined by the system (|2.53p . it can be also proved that if 
X(i, x) is a regular solution of LIE, and define the function u = a -\- ij3, then u solves the Id-cubic 
Schrodinger equation 

u 

iut^u^^ + -{\u\'^ - A{t)) =0 



with A{t) 



^(0,0/2- <9tei, 62 > (0,0- 
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from which the existence of the hmit hmj^o X(t, a;) = Xq{x) follows by taking ^2 = 
t > and letting ti go to zero in the above inequality. Moreover, we have 

|X(t,x) - Xo(x)| < 2ciVi. 

Finally, the regularity property of Xq easily follows from the above inequality, and 
the identity 

Xo(a;) - Xo{y) = [Xo(x) - X(t, x)] - [Xo{y) - X(t, y)] + [X{t, x) - X(t, y)]. 
To this end, if suffices to observe that 



y 

T(t, z) dz 



X 



< \x — y\ 



|X(t,x)-X(t,y)| = 

since the tangent vector to the curve, T, is unitary. As a consequence, 

1X0(2;) - Xo{y)\ < 2ciVi +\x-y\< Cglx - y\ 

for some non-negative constant C3, whenever t is sufficiently small. Therefore, we 
conclude that Xo(x) is a Lipschitz continuous function. 

3. The initial value problem for the principal value distribution 
We begin this section proving the existence of non-trivial solutions 

of 

^ut + u^x + -[\u\ - j) = 

such that Uf{t,-) converges as a distribution to 

/ , 1 
Uf{0,X) = zo P- 

for some zq ^ C \ {0}, and appropriate values of A. Moreover, these solutions are 
characterized by the property that 2|/|^ — ^4 = 0, so that the solution u constructed 
in Theorem 11.41 has a trace at t = 0. We have the following lemma: 

Lemma 3.1. For any a ^ 0, there exist A^ and a non-trivial odd solution f of 

r+^f/'+{(i/r-4^) = o, (3.1) 



such that 



6^ 4* X \ 1 

lim^ ^ = ^0 P- V -, Zo^O 



in the distributional sense. Moreover, 



\zo\ = 2|/'|oo with ~^\^\ - l^ol < |«| 



In addition, f satisfies ||/||^oo < 2|a|. 
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Proof. First, assume / is an odd solution of (13. ip such that 

2\f\l-A = 0. 

Then, from the asymptotic behaviour for odd solutions of (13. ip established in Propo- 



sition I2.H it easily follows that 



fix) = IfW+e'^'^^^ sgn(x) + 2z\f'W'+- + O ( -- 



X \\x 



as Ixl — > oo, with 



Mx) = (I/IL - A) log |a;| and U^) = - {2\f\l - A) log 
and d+ G [0,27r). 

Recall that / is regular and odd, then, by using the dominated convergence 
theorem, we have that 



.^2 

I X \ 



goes to zero in S'{R) as t — )■ 0^. On the other hand, the function g{x) = e^^^'^'^^^^^'' sgn(a;) 
is a bounded, odd and has a continuous Fourier transform that is zero at zero. Hence, 
by Parseval theorem -^g(x/\/t) also tends to zero as t J, 0. Finally, the error term is 
integrable and odd, therefore arguing as we did before the convergence of the error 
term to zero follows by using the dominated convergence theorem. 

The convergence of 

as if: I to 2;op. v(l/x), with zq such that \zo\ = 2|/'|oo easily follows from previous 
remarks and the hypothesis that 2|/|^ — A = 0. 

Now, we continue to prove that, for any given a 7^ 0, there exists Aa G M, and an 
odd solution / of (13. ip satisfying the condition 2|/|^ — = 0. 

Indeed, for fixed a 7^ 0, and — 1 < A < 1, let X.a^x(t,x) be an odd solution of 
LIA, that is a solution of LIA the form 'X.a,x{t, x) = e'^^°^^\^Ga,x{xy/i) with Ga_A the 
solution of (ll.2ip with the initial conditions 

G,,a(0) = (0, 0, 0) and (G„,a)'(0) = (0, 71^, A). (3.2) 

Define the function Fa as follows 



F,(A) = 2r3,,,A(oo)-r3,„,A(o), 
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where, as before T3 ^ ^ denotes the third component of the tangent vector to the curve 
Xa,fl Notice that, for A = 1, Ga,i(x) = (0,0, x), and therefore ^^(1) = 2 - 1 > 0. 
Also, for A = -1, Ga,-i(a;) = (0,0, -x), and therefore Fa{-1) = -2 - (-1) < 0. 
Since the map (G(0), G'(0), a) — )• T3(oo) is continuous (see |GVi Proposition 2, 
pp. 2101]), we conclude that there exists A„ G (—1, 1) such that Fa{Xa) = 0, that is 

Notice that the associated function / (through the Hasimoto transfom and the 
change of variables f ll.l7p ) is an odd solution of 

r+^f/'+{(i/r-^a) = o 

with Aa = aXa (recall that Aa is given in terms of the initial conditions (13. 2p by the 
identity f ll.lQp ). and from (ll.20p we have that 

ml-Aa = 2{-an,a,xSoo) + A,)-Aa = -2aTs,a,x^ + Aa 

= -a{2T3^a,Xa{00) - T3^a,Xa{0)) = 0, 

since T3,a,XaW = (see (fS^D)- 

Finally, for odd solutions of LIA, notice that the conservation law in Proposi- 
tion 12.11 becomes 

\m^) + \{\mx)-A^r = ^ 

(the value of the constant on the r.h.s of the above identity follows from the identities 
fll.20p and the initial conditions (13. 2p ). From which we get that 

|/(x)| < \a\ + \Aa\ = \a\{l + \Xa\), Vx G M 

and 

by using the condition 2|/|^ — = 0, and that Aa = aXa- From the above formulae 
we conclude that 

^a'<l/lL<j and < 2|a| 

since A^ G (—1,1). This concludes the proof of the lemma. □ 

As a consequence of Theorem 11.41 and Lemma [3. Ij we obtain the following result: 



Recall that for odd solutions of LIA, the third component of the associated tangent vector, T^, 
is an even function. Thus, in particular T3(-|-C!o) = T^i^—oo) 
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Theorem 3.2. Let a ^ sufficiently small, and consider Aa, f , and Zq as in 
Lemma lSTli Then, there exists e > such that for any given with ||'ii+||2,inL2((2,.)7) < 
e and < 7 < 1, the initial value problem: 

iut + + - y^) = 

m(0, x) = P- V ^ + ^T^iui; (-|) 
has a unique solution u{t,x) such that 

u-uje C((o, 1], l2(m)) n L^((o, i], l°°(m)) 

where 

/ \ 

Uf{t,x) = —^f {^-^j + V^u^{-x/2). 

Theorem 13.21 represents a well-posedness result for the initial value problem 

^ / 1 1 2 ^ \ 
lUt + u^x + 7t(fI - t) = 

2 ^ (3.3) 

u{0,x) = ^oP- v^, 

for some values of Zq and adequate constants A in 03. 3p : If we denote by Uf{t,x) 
the solution of the IVP (13. 3p . we have proved that there exist appropriate (small) 
perturbations u of the solution Uf such that 

1 / — - — - / x^ 



lim u(t, x) = zop.y — h V^'U+ ( ) 

t-s>o X V 2/ 



In particular, u — Uj has a trace in L^, i.e. there exists the limit in of m — as 
t — )■ 0^. This is in contrast with the situation in which one considers as initial datum 
the delta distribution. In the latter case, it was shown in |BV2] (see also |BVlj ) that 
when considering the IVP 



,2 



iut + Uxx^ — (|m| ) = 

2^' ' t^ (3.4) 

m(0, x) = Co 4=0, Co 7^ 



,2 



there exist (small) perturbations u of the solution Uco{t,x) = Cq^^ of the IVP (13. 4p 
such that the limit of m — as t — ?■ 0^ does not exist in L^. As a consequence the 
IVP for the Dirac-delta (13. 4 p is ill-posed. 
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